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Abstract 

We justify rigorously the convergence of the amphtude of solutions of Nonlinear-Schrodinger 
type Equations with non zero limit at infinity to an asymptotic regime governed by the Korteweg- 
de Vries equation in dimension 1 and the Kadomtsev-Petviashvili I equation in dimensions 2 
and more. We get two types of results. In the one-dimensional case, we prove directly by energy 
bounds that there is no vortex formation for the global solution of the NLS equation in the 
energy space and deduce from this the convergence towards the unique solution in the energy 
space of the KdV equation. In arbitrary dimensions, we use an hydrodynamic reformulation of 
NLS and recast the problem as a singular limit for an hyperbolic system. We thus prove that 
smooth solutions exist on a time interval independent of the small parameter. We then pass 
to the limit by a compactness argument and obtain the KdV/KP-I equation. 

1 Introduction 

We consider the n-dimensional nonlinear Schrodinger equation 

+ ^A^^- = ^'/(l^'P) ^ = ^{t, z) : M+ X ^ C. (NLS) 

This equation is used as a model in nonlinear Optics (see for instance [;19j) and in superfluidity and 
Bose-Einstein condensation (see, e.g. [23], [10], [T3]). 

We assume that, for some po > 0, /(Pq) — ^i s° ^^^^ ^ = Pq is a. particular solution of (NLS). 
We are interested in solutions ^ of (NLS) such that |^'| ~ pQ. In the sequel, we take po = 1, the 
general case follows changing ^' for ^ = Pq and f{R) = f{p^R). Then, from now on, we consider 
smooth nonlinearities / G C°°(M,M) such that 

/(1) = 0, /'(1)>0 (1) 

and will be interested in situations where l^*! ~ 1. Note that this means thanks to ([T|) that we shall 
study the equation in a defocusing regime. A typical example of nonlinearity is simply f{R) = R — 1 
for which (NLS) is termed the Gross-Pitaevskii equation. Equation (NLS) is an Hamiltonian flow 
associated to the Ginzburg-Landau type energy (when it makes sense) 

Si"^) = \ ! iV.^'p + Fd^'p) dz, 

where F{R) = 2 J f{r) dr. 
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1.1 KdV and KP-I asymptotic regimes for NLS 



In a suitable scaling corresponding to |^| ~ 1, the dynamics for the amplitude of ^ converges, 
in dimension n = 1, to the Korteweg-de Vries equation 



2dtv + k vdxV - ^ dxxxV = 0, 

and in dimensions n > 2 to the Kadomtsev-Petviashvili - I equation 

1 



(KdV) 



dxi 2dtv + kvdxV 



div + A I u = 



where v = v{t,X) £ R, X = {x,x_l) £ R x U 
nonlinearity / by 

c = V/'(l) and 



, (KP-I) 
The coefficients c and k are related to the 



fe^6+^r(i). 



(2) 



Note that the KP-I equation reduces to the KdV equation if v does not depend on x_i_. 

The formal derivation of this regime is as follows. First, we consider a small parameter e, and 
rescale time and space according to 

t = ce^T, Xi = X = £{zi - ct), Xj = e'^Zj, j£{2,...,n}, ^{t, z) = tp'^ (t, X). (3) 

The nonlinear Schrodinger equation for ■0'^ reads now 

_3 9V' 



zcE"-^ - icedx^' + ya^^^ + yA^V'" = iP'fim^), 



X = {x,xs_) G M X 



on— 1 



We shall use the following ansatz for ip^ 

V'^(t, X) = {1 + e'^A^t, X)) exp {ieip^t, X)) 



(4) 



(5) 



where the amplitude E M is assumed to be of order 1 and the real phase 93'= G M is also assumed 
to be of order 1. The ansatz ([3]), ([5j) mean that we study a weak amplitude wave propagating to 
the right in a long wave regime and that this wave is slowly modulated in the transverse direction 
thanks to ([3]). Note that the occurence of the KdV or KP equation as enveloppe equations in such 
regimes is expected. We refer for example to [2] and references therein for the derivation of these 
equations from the water-waves system. 

By plugging ([5]) in (jlj) and by separating real and imaginary parts, we can rewrite (jl]) as the 
system 

e^cdtA' - cdxA' + e'^dxA'dxif' + ^{1 + e'^A^)dl^' + e^V ^A^ ■ V^ip' 



e^cdt^p^ — cdx^'^ — 



dlA' 



+ y(l+e2yl-)AxV9^ = 



(6) 



2(1 + £2 A^) 2(1 +£2^^) 2 

+ 1/((1 + 62a^)2)=0 
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Now, assuming that ^ A and ^ <p as e ^ 0, we formally obtain from the two equations of 
the above system that 



cd^A + ^d^,ip = 0, 



-cd^ip + 2f'{l)A = 0. 



(7) 



Note that we have used that /(I) = and thus that /((I + e^^^)^) ~ 2e'^f'{l)A at leading order. 

In d?]) and from the definition ([2]) of c, the first equation is just times the derivative of the 

second equation with respect to x, hence, we have found for the limit the constraint 

2cA = dx^p- 



(8) 



To get the limit equation satisfied by A, we can add the first equation in ([6]) and — times the 

derivative of the second equation with respect to x in order to cancel the most singular term. This 
yields the equation 



cdt (A' + — dxif') - ( 

^ 2c ^ ' 4c Vl + eM^ 



+ i (1 + e^A^)A^ip^' + ^ dx{Qie^A^)) 



+ 



{dxA^dx^^ + \A^dl^^ + Ld^{{dx^-f) + ^[/'(l) + 2f"{l)\dx{{A^f)} 



(9) 



4c H(i + e2^£) 



where 



c2Q(r) ^ /((I + rf) - 2/'(l)r - (/'(I) + 2f"{l)y = 0{r^) r ^ 0. 



Still on a formal level, if ^ yl and (/^"^ ^ 99 as e — > 0, this yields 

2dtA + 

by using the relation ([8]). Consequently, we have obtained the sytem 

' = 2cA 



6 + AdxA - ^dlA + 1 A^^ = 



2dtA + 



6+ 4m 



(10) 



which is a reformulation of the KP-I equation. Note that in dimension 1, i.e. when n = 1, this 
amounts to assume that all the functions involved in the derivation do not depend on x±, then the 
equation for A in ([TO]) just reduces to the KdV equation since A_|_(^ = 0. 

Finally, let us notice that because of the scaling dS]), for the solution ^ of the original (NLS) 
equation with time-scale 1, the convergence to KdV or KP-I dynamics takes place for times of order 



In dimension n = 1, the formal derivation of the KdV equation from the (NLS) equation in 
this asymptotic regime is well-known in the physics literature (see, for example, [l8j). and is useful 
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in the stabihty analysis of dark solitons or travelling waves of small energy. In the case of the 
Gross-Pitaevskii equation, for instance (that is for f{R) = R—1), the travelling waves are solutions 
to (NLS) of the form ^{t, z) = U{z — ctt), so that U solves 

-iad,U + ^d,,U = U{\U\^-l), zGR (11) 

with the condition |?7|(2:) — > 1 as z ^ ±00. For this nonlinearity, explicit integration (see, e.g. [26j ) 
gives for < o" < 1 the nontrivial solution 

U^{z) =(7-Wl-a^ th(^zVl - <r^) ■ 

The small energy regime corresponds to o" ~ 1, thus we set cj^ = 1 — e^, e > small, and we obtain 



Ucr{z) = — ieth(ez) + \/l - = . I — - exp (ieip'^{ez)) , 

y ch^(ez) 

with ip^(ez) = — th(ez) + O(e^), and we see that this corresponds to the ansatz ([5]) as e ^ 0. 
Furthermore, here. A'' = — 1/ch^ does not depend on e and is the soliton of the KdV equation 
(c = 1, /c = 6). Note that (jlip is also often adimensionalized in the form 

-iad.U + d,,u = uiiui"^ - 1). 

In this case the critical speed one, the speed of sound, is changed for -v/2. 

In higher dimensions n = 2, 3, the convergence of the travelling waves to the Gross-Pitaevskii 
equation (i.e. (NLS) with f{R) = R — 1) with speed ~ 1 to a soliton of the KP-I equation is 
formally derived in the paper [15j, while in [3], this KP-I asymptotic regime for (NLS) in dimension 
n = 3 is used to investigate the linear instability of the solitary waves of speed ~ 1. On the 
mathematical level, in dimension n = 2, the convergence of the travelling waves of speed ~ 1 for 
the Gross-Pitaevskii equation to a ground state of the KP-I equation is proved in [5j . 

Here we shall study the rigorous derivation of KdV/KP-I from (NLS) for arbitrary time depen- 
dent solutions. All our results are in particular valid for the Gross-Pitaevskii equation f{R) = R—1. 

In arbitrary dimension, we shall justify the KdV/KP-I limit by studying directly an hydrody- 
namical formulation of ([3]) as a singular PDF limit as in [20], |12j . |24j : we shall first prove the 
existence of solutions for ([6]) with s sufficiently large on an interval of time independent of e and 
then pass to the limit by a weak compactness argument. Thanks to the properties of the singular 
operator in ([6]), we are able to pass to the limit for general initial data (i.e. "ill-prepared" data in 
the terminology of singular PDF limit), we need not assume that 2cA^ — dx<f^ tends to zero at the 
initial time in order to be compatible with the constraint ([8]). 

When n = 1, we will be able to pass to the limit directly from the global solution of (NLS) 
in the energy space towards the solution of KdV in the energy space without assuming additional 
regularity of the initial data but with the assumption that the initial data are well-prepared in the 
sense that H^i^v^q ~ '^'^^oWl^/^ tends to zero. 

1.2 KdV asymptotic regime for (NLS) in the energy space 

We first focus on the description of our result in the one dimensional case n = 1, and work only 
in the energy space for (NLS) and the energy space for KdV. The Cauchy problem for (NLS) 
is not standard because of the condition at infinity 1 (see [9], [27], [8]) which is expected in 

order to give a meaning to the energy We have the following: 
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Theorem 1 (f2^) There exists £o > such that for every G HI^^{]E.) verifying £{"^0) < £0, 
and \^o\{z) 1 as \z\ +00, there exists a unique solution to (NLS) such that ^' — ^'o G 
C(R+,i?HM)). Moreover, £{^{t)) =£{^o) for t > 0. 

This Theorem is not exactly formulated under this form in ^7] (Theorem III. 3.1). Nevertheless, 
as we shall see in Lemma [U if <f(^') < £0 is sufficiently small, then we can write ^ = pe"^ with 

\\dxP\\L2 + \\p - + \\dx(p\\L2 

sufficiently small and hence we can indeed use [27| (Theorem III. 3.1). 

It is also known that the Cauchy problem for the KdV equatioE0 ^16] is well-posed in the energy 
space: 

Theorem 2 (J 16^) We consider the Cauchy problem for the KdV equation 

2dtv + k vd^v - ^ dxxxV = 0, v\t=o = vq. 

IfvQG H^{M.), then there exists a unique solution of the KdV equation satisfying v £ C(M_|_, i/^(M)) 
and dxv e Ll^{^+, L~(M)) . 

Note that it is possible to prove the well-posedness of KdV in spaces of much lower regularity than 
(see jl7j for example) but we shall not use these results here. 

Our first result relates the solution of (NLS) obtained in Theorem [Jin the scaling ^ and the 
solution of KdV obtained in Theorem [2) 

Theorem 3 (n = 1) Assume that (Aq)o<£<i € and (v'o)o<e<i £ enjoy the uniform esti- 
mate 

M= sup \\\Al\\ , + -\\dx(pl,-2cAl\\ A<+x (12) 

0<£<1 >- £ ^ ■> 

and that 

Aq Aq in as e ^ 0. 

Consider the initial datum 

ro = {l + e'^o) exp [ieift,) (13) 

for dH), and let ip'' G tpQ + C{M^, H^) be the associated solution to l^fgiven by Theorem\^. 

Then, there exists £q > 0, depending only on M , such that, for < £ < £0, there exist two 
real-valued functions , A^ G C(M+ x M,M) such that (A^ ,{p^)^f^Q = (Aq,{Pq), and 

-0" = (1 + £^A^) exp {i£^^) (14) 
with 1 + £^A'^ > i. Furthermore, as £ ^ 0, we have the convergence 

A" ^ A in C{[0,T],H'), dxif"^ ^ 2cA, in C{[0,T],L'^) 

for every s < 1 and every T > 0, where A is the solution of KdV with initial value Aq. 

^Here, it might happen that A; = 0, in which case the KdV equation reduces to the so-called (linear) Airy equation 
2dtv — -^d'tv — and the Cauchy problem is then trivial to solve. 
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Let us emphasize that the initial data are well-prepared (see ([8])) in the sense that 



\\d^^l-2cAl\\^,=0{e). (15) 

Under a stronger assumption on the preparedness of the initial data, namely 

\\d^^l-2cAl\\^^ = o{e), (16) 

one can reach the convergence in for the amplitude (see Theorem [7] in Subsect. 12. 5p . This 
assumption will not be needed when we work with more regular data as in Theorem H] below. 
Finally, note that the usual assumption of well-prepared data for a singular system (see |20j for 
example) like ([6]) in order to get that dtA^ = 0{1) would be that 

\\d^^l-2cAl\\^, = 0{e^). 



Consequently, we note that our assumptions (|T5|) and even (|T6|) are weaker. 

Related results are obtained in [6] for the Gross-Pitaevskii equation [f{R) = i? — 1) by using 
different methods, namely the complete integr ability of the equation through the conservation of 
higher order energies. 

The strategy of the proof is as follows. By using the conservation of the energy and of the 
momentum 

V = ]- f {i^^d,^) dz 

(actually one of its variants since V is not well-defined for functions which tend to 1 at infinity), 
we shall prove that one can write 

= (1 + e'^A^) exp (ief^), 
with 1 -|- e^A'^ > i and the uniform bounds 



sup 

0<£<£0, 



The bound on will provide compactness in space. Then we shall get compactness in time 
by using the properties of the singular part of the equation ([6|) namely properties of the transport 
equation with high speeds 

dtA' - ^djA' - u') = S% 



£2 



dtu' - ^d^u' - A') = SI 



(17) 



This will allow to extract a subsequence which converges strongly in Lf^^(W-\- x M) towards the 
solution of the KdV equation. Finally we shall prove that we actually have a better convergence 
which is in particular global in space as stated in the theorem. 



6 



1.3 KdV and KP-I asymptotic regimes for smooth initial data 

In arbitrary dimension, we will work with norms and local in time smooth solutions in if**, 
with s sufficiently large. 
Our first result is: 

Theorem 4 Let n > 1 and let s such that s > ^ + ^- Assume that 

Ms= sup \\{Al,d^ip'o,eV^^l)\\ +,<+oo (18) 

0<e<l 

and consider the initial datum for (UD 

V'^= + exp {ieifl). 

Then, there exist T > and < eq < 1, depending on Ms, such that, for < e < eo; there exists a 
unique solution ip^ to (j4|) with ip^i^Q = ipQ such that ip"^ — tpQ ^ C[[0,T], H^~^^) . Furthermore, there 

exist two real-valued functions e C{[0,T], H'-^^) and ip" G C{[0,T], H'+^) n C{[0,T] x M") such 
that {A", (/3^)|t=o = (^0' fo) o-^d, forO<t<T, 

= (1 + s^A^) exp {ieif^) , 1 + e^A^ > 1/2 (19) 

and 

sup \ \\ A' \\ Hs+i (^r.) + \\ {dxV', e"^ \\ fjs (^n)} <+oo. (20) 

o<e<eo, te[o,r] ^ ' ^ 

The important result in Theorem [J] is the qualitative information that there exists a uniform time 
T for which the representation ()19p and the uniform bounds ()20p hold. 

To prove Theorem H] we shall rewrite as a hydrodynamical equation. As in [1^, we shall use 
a modified Madelung transform where we allow the amplitude to be complex. This allows to get an 
hydrodynamic system with a much simpler structure than ([6|) . h is a first order hyperbolic system 
with a singular perturbation made of a skew-symmetric zero order term and a skew-symmetric 
second order term. The uniform time existence for the obtained system will then follow from 
uniform estimates as in the works [20], |11] . |24j . 

In the recent work the linear wave regime for the Gross-Pitaevskii equation is investigated. 
This regime occurs for larger data on a shorter time. In this regime the equivalent of Theorem |4] is 
obtained in [3]. The proof in [4j is different from ours since the the uniform bounds are obtained 
through the study of a different hydrodynamical system (namely the one obtained by the standard 
Madelung transform). 

The next step will be the study of the convergence towards solutions of the KP-I equation of 
the solutions constructed in Theorem [H 

Note that for Aq in with s > l+n/2, the Cauchy problem for the KP-I equation is well-posed: 
there exists a unique local in time H'^ solution. Note that it is actually known to be well-posed in 
spaces of much lower regularity [14J, [22j. Moreover, in dimension n = 2, the solutions are global 
in time whereas in dimension n = 3, the solution of KP-I may blow-up (in H^) in finite time (see 

EH)- 

Our first convergence result is: 
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Theorem 5 Under the assumptions of Theorem ^ if moreover there holds 

{Ald^ipl,eV±ipf,)^{Ao,d^^o,0) m L\ (21) 
Let A be the solution of the KP-I equation 

(2dtA + kAd^A - ^dlAj + A^A = 

with initial value Au^q = -{Aq-\ dxi^o) G H^^^ . Then, we have the weak convergences, as 

' 2 ^ 2c 

e ^ 0, 

A" ^ A d^if" 2cA weakly in L^{\{), T] x R") 
and the strong convergence 

l-fA' + ^d^^A^A m L^^TIH^W')) y a < s. 



2 V 2c 

Note that the result of Theorem [5] holds for smooth but ill-prepared initial data in the sense 
that they do not satisfy the constraint ([8]) . We shall actually get in the proof of Theorem [5] a 
stronger type of convergence. Namely, we get that dxA^ and {dxx^^)/'2c converge strongly to dxA 
in Lf^^{0,T, HJ^J for every m < s if n > 2 and that and (dx^f )llc converge strongly to A in 

Finally, for slightly well prepared data, we are able to recover global strong convergence in 
space: 

Theorem 6 Under the same assumptions as in Theorem^ andl^ i.e. (llSp and (I2ip . we assume 
moreover that 

(n = 1) ||9a;C/3Q — 2c^q||^2 ^ as e ^ 0, 

(n>2) \\dxvl-2cAl\\^, = 0{£), \\V^^I\\l2=0{1). (22) 
Then, we have the convergences, as e ^ 0, 

A"" ^ A strongly in C([0, T], iJ™), dx^p^ ^ 2c A strongly in C([0, T], i^^^^) 
for every m < s + l. Furthermore, if n > 2, there exists K > Q such that, for 0<t<T, 0<e<eo; 



/ |Vx(^^p dX < K. 



(23) 



We emphasize that in dimensions n > 2, the hypothesis in the last theorem is stronger than in 
dimension n = 1 in order to ensure the bound for / iV^f/?"^]^ dX. Moreover, in dimension n = 1, 

()22p is weaker than the hypothesis in Theorem [3l 

The paper is organized as follows. Section [2] is devoted to the proof of Theorem [3l section 13.11 
is devoted to the Proof of Theorem HI The proofs of Theorems O [6] are finally given in sections 13.21 
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2 Proof of Theorem [3] 



We shall split the proof in many steps. In the first step we prove that the modulus of a solution 
of (NLS) remains away from zero if its energy is sufficiently small so that it can be written as (jl4p 
and we prove that one can define a variant of the momentum which is well-defined. Then we shall 
use the energy and the momentum to get uniform x estimates for {A^, (p^). The third step 
will be the study of the system (fTTl) in order to get compactness in time. Finally, the last part will 
be devoted to the passage to the limit in the equation. 

2.1 Preliminaries 

For the regime of interest to us, the energy is small. In this case, we shall prove that the 
modulus l^'l remains close to 1. A first useful remark is that since F'{1) = 2/(1) = and 
F"{1) = 2/'(l) = 2c2 > 0, we have for some 6 G (0, 1/2) 

F{R)>—{R-lf, \R-l\<5 (24) 

and also 

F{R)<C{R-lf, \R-l\<6 (25) 

for some C > 0. 

Lemma 1 There exists Sq > 0, depending only on the nonlinearity f , such that if £ H^^^{W) 
verifies £'(^') < £o md {"^{{z) — > 1 for z +oo, then 

II l^'P — 1 II < ^ 
II 1^1 ^IIl°°(r) - 

Note that for an initial value under the form ()13p . we have, since M is finite, that 

where C depends only on M. Consequently, since the energy is conserved, we can indeed use 
Lemma [1] for e sufficiently small to write the solution ?/)^ of NLS given by Theorem [1] under the 
form '0'= = pe**^ with (/> G H^^^ and |p^ — 1| < 1/2. Note that p and cj) depend on e but we omit this 
dependence in our notation. 

Proof of Lemma [H Since \^\{z) ^ \ iox z ^ +oo, we have 

/ + 00 
1^-1(1^1^ - 1)9^1^-1, (26) 

and we can define the maximal interval / = [a, +oo) such that ||^'P — l| < 5 in /. Then, 

/|a^|^'||^ + — (l^-l - 1)^ < / la^^-p + F(|^|2) dz = 2S{^). 

As a consequence, by (j26p and Cauchy-Schwarz, 

II 1^1' - l||i..(n < + |vl/2| - 1||^,(,) . ||9.|^|||^,(. < K^Sm, 
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where Kq depends only on /. The result follows from an easy continuation argument, taking 

So = syKo. □ 



Next, we recall that the Schrodinger flow also formally preserves the momentum, that should 
be defined by 

V = l [ {i^,d,^) dz. 

^ JR 

However, this quantity does not make sense as a Lebesgue integral for a map ^ which is just of 
finite energy with |^'| — > 1 at infinity. Notice that if 4' = pexp{i(p), then 

^ = ^ / P^d,4> dz. 

Variants of the momentum V are also formally conserved by the Schrodinger equation (NLS), 
namely 

-/ - l),^^^') if ^'^1 at infinity 

2 Jr 

and 

I [ {p^-l)d,^dz. 
^ JR 

This last integral has the advantage to be a Lebesgue integral if ^ G /^^^^^(M) satisfies 
f (iJ') < +CX), \^\{x)^ \ as X ^ +00 and | l^fp - l| < 5, 

since then 

As we have seen in the remark after Lemma [H in our regime, the map ■^^ satisfy the bound 
II IV^'^P — ''-|L°o(R) — ^ hence, we have a well-defined momentum, if we take this last definition. 
Finally, in view of the scaling ([3|) , it is usefull to introduce a rescaled version of the energy. We 

set 

^ ^ Jr £^ 
= \ [ M + p'\d.<t>? + \F{p^)dx (27) 

since = pe**^. In a similar way, we define a rescaled momentum 

P^m^^- [ {p'-l)d,ct>dx. (28) 
Note that both quantities are conserved. 
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2.2 Uniform estimates 

We shall prove the following: 

Lemma 2 Under the assumptions of Theorem\^ there exists Eq > 0, depending only on M, such 
that, for < e < there exist two real-valued functions ^p^ , E C(M+ x M,M) such that 

= (1 + e^M) exp {ieip^) , 1 + e^A^ > ^ 

and 

sup llUILi + -\\dx^^ - 2cA^|U| < +00. 

0<e<eo, ieR+ ^ ^ £ ^ J 

Proof of Lemma [2], 

The proof relies on the use of the conservation of -E^ and as noticed in [5]. In particular, 
the quantity E'^ — 2cP^ gives valuable information. 

As we have already seen, we can write = pexp(i(f)) for some real- valued functions p > 1/2 
and (f) in H^^iR). Note that 

Next, we set 

F{R) =c^{R-lf + F3{R), with Fsil + r) = 0{r^), r ^ 0. 
By using ([27]) and this yields 

E'ir) = \ I {d.<^f + - 1)' + ip' - 1) • i9.<t>f + (d^pf + 4^3(p' - 1) dx (29) 

and 

E^i^l;^)-2cP^m = \ [ {p^ - l)(d,^f + {d,pf + (d,^ - ^{p^ - 1))' + L F^ip' - l) dx, (30) 
where we have used the identity 

e V e / 

The proof of Lemma [2] is divided in 3 Steps. In the proof, K stands for a constant depending 
only on / and M. 

Step 1: We first prove the following expansions for E'^{iJjq) and E^{iPq) — 2cP'^{iJjq) as e ^ 0: 
= '4 f 4c'(^§)' + {d.if'of dx + 0{e^) = Ac's' [ A^ dx + o{e') + 0{e'') 

and 

E^i^l,)-2cP'{i^l,)<Ke\ 
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This follows from (j29p and (j30p with p = 1 + e^j4g and (j) = ^V'o- Indeed, from the uni- 
form bound in for Aq, we immediately infer by Sobolev embedding H^(U) C L°°(M) that 
||^olli°° ^ ^ iV'ol = |1 + s^^ol ^ [1/2,2] for < e < eo sufficiently smah, depending on M. 
Moreover, - I = 2£'^A% + O (^^){e^) . Since |F3(i2)| < K\R - for < i? < 2, we have 
W^ip^ — 1)1 ^ -^^^(^o)^' ^'^'^ ^1^^ expansion for the energy follows. Concerning the expansion for 
Ei;{iI;q) — 2cPi;{iPq), it suffices to use the assumption Wdx^l — 2c^q||^2 < M^e^. 



Step 2: We shall prove that for every t £ M_|_, 

- l|Loc 



2 1 II < |;^£2_ 



This will be a consequence of the conservation of energy and momentum. Let t G M+. We first 

infer from ([30]) a better estimate for / {dxp)^ dx. Since p > 1/2, we have, on the one hand, 

Jr 

I _ l){dx(kf dx\ < 4||p2 _ / p2(9^^)2 < ^g2||^2 _ 

and on the other hand, in view of — 1| < 6, F3{r) = 0{r^) as r ^ there holds 
1 



(31) 



Fsip'-l) dx 



K\\p' - 1|L^(«) l^^{p^-lfdx< Ke^p' - iW^^^^y 

Since and P'^ do not depend on time, inserting (j3ip and (|32p into (|30p yields 

iTe^ > i?^(^^) - 2cP^(V^) >l [ {dxpf dx- I (p2 _ l){dx(t>f dx - [ \ F^{p' - l) dx 

^ Jr Jr. Jr ^ 



(32) 



so that 



/ {dxpf dx<Ke* + Ke'\\p'-l\\^^^^y 
We now write, since p = |?/^^| ^ 1 as |x| ^ +00, 

(p2 _ i)\x) = -4 /"'^"/^(/J^ - l)dxp < Ce^E^i^l [ (dxpf dx 
Jx ^ Jr 

by Cauchy-Schwarz inequality. From the above estimate ()33p and letting 



(33) 



1/2 



we obtain 
that is 



— ^2 \\P ^IIl°=(r)' 



< i^yiT^. 
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This estimate provides immediately the result 



< K. 



We then set 



A' = \{p-1) and ^' = ^. 



Step 3: We finally prove that 

WA^Whhr) < K, II 99^ 11^2(11) < K and ||2c^^ - d^^'\\L2m < Ke. (34) 



Indeed, from Step 2, ([3T]) and ([32]) imply 

(p2 - l){d^4>f dx < Ke^ and [ \ F^ip^ - l) dx 

Inserting this into (j30p gives 

4t(p^ - 1) < i^, / (Sx-/-)^ da; < Ke^ and / fs^^ - -(p^ - 1))^ dx < Ke^ 

and the conclusion follows. This finishes the proof of the Lemma. □ 

2.3 Properties of the wave operator 

In the previous subsection, we have obtained uniform bounds which will provide (local) com- 
pactness in space. We shall try now to obtain some compactness in time. 

Lemma 3 Consider {A^{t,x),u^{t,x)) a solution of the system 



1 



with initial data 



dtu' 



(35) 



d4u'-A')=Sl 



Aq, u\t=o — ^0 



and assume that, for some o" G N, 

i) (j4Q)o<e<i and (^io)o<e<i o^f^ uniformly bounded in L^; 
a) (5'^)o<e<i o.iT'd ('S'u)o<e<i ^.re uniformly bounded in L°° 
Then, for every T > 0, R > 0, 

(j4^)o<e<i and {u^)o<e<i c^'^e uniformly bounded in H2 (^[0,T], H^'^^^ {—R, R)Y 
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Proof of Lemma [Si 

These bounds come from the fact that the speed -77 of the characteristics of the transport equation 

is extremely large compared to the size of the space domain {—R,R). 

We start the proof of Lemma [3] with the following lemma, where we take into account only the 
initial data, and not the source terms. 

Lemma 4 Consider {A^{t,x),u^{t,x)) a solution of the system 

dtA' - ^dj A' - ] =0 

dtu' -^d,{u' -A') =0, 



with initial data 



Assume that (^Q)o<e<i, (^io)o<e<i '^1^^ uniformly bounded in L^(R). Then for every T > 0, i? > 0, 
A^ and are uniformly bounded in (^[0,T], H^^{—R, R)^ . 

Proof of Lemma [4l At first, we notice that 

dt{A' + u') = 

and that 

dt {A' - u') - ^d^ {A' - u') = 0. (36) 
The resolution of these transport equations gives 

A%t, x) + u%t, x) = Al{x) + ul{x) 

and 

A^t, x) - u%t, x) = Al{x + 2e'^t) - + 2e^^t). (37) 
This immediately yields that 

A"" + is uniformly bounded in (O, T, L^{M.)) (38) 



and hence by continuous injection, it is in particular bounded m (O, T, H ^{—R, i?)) . 
Next, we shall study — u^. From the explicit expression (j37p . we first get that 



/ / \A'' -u''\^{t,x)dxdt= I / \Al-ul\^{x + 2e-''^t)dxdt. 

Jo J-R Jo J-R 

Consequently, by using Fubini Theorem and then changing the variable t into t = x we 
get 

j-T f-R 2 j-R 

/ / \A^ -u^\ {t,x)dxdt<— \\Al-ul\l2mdx<CRe^. (39) 

Jo J-R 2 J_ji 
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In the proof, C denotes a constant depending on R and the uniform bounds for (^q)o<£<i and 
(^o)o<e<i ™ have thus in particular proven the uniform bound 

11^^ ~ ^^llL2(0,T,/f-i(-fl,_R)) - (^^^) 

To estimate the time derivative, it suffices to remark that (pSj) yields 
Hence, taking the norm in time and using (I39p gives 

C 

\\dt{A' - ^^')|L2((o,T),H-i(-i?,i?)) ^ 7- (41) 
Interpolating in time between (f40]) and (jlTj) . we deduce 



U^-n^ll 1 , < C. (42) 

I "H^{{0,T),H-T^{-R,R)) - ^ ' 



The combination of (j38p and (j42p ends the proof. □ 

We shall now give the proof of Lemma[3l Since the system (j35p is linear, we can write its solution 
as the sum of the solution of the homogeneous system and the solution of the nonhomogeneous 
system with zero initial data. Thanks to Lemma [H we already know that the first term is uniformly 
bounded in 2 (0, T, //^"^ ) and hence in 2 (0, T, H'['J^~ ) . Consequently, we can focus on the second 
term. This means that we consider the solution of (I35p with zero initial value. 

We notice that 

and we recall that the initial values are zero. Hence, 



{A^ + u%t)= f {S% + Sl){s) ds, 
Jo 



thus we immediately get that 

A" + is uniformly bounded in (O, T, R-^iR)) . (43) 
Similarly, since A^ — solves 

dt {A' - u') - ^d, {A' - u') =S%-St, (44) 
with zero initial value, we infer 

{A'-u'){t,x) = [\s%-Sl){s,x + 2e-\t-s))ds. 
Jo 

By assumption ii), — is uniformly bounded in L°°(]R-|_, i/^'^), hence, using a standard char- 
acterization of H"'', a en, there exists g" = {gf),gl, ...,g%) G L°° (M+, ^^(M, M'^+i)) such that 

3=0 



15 



Furthermore, for any interval /, 

\\{Sa- Su){t,-)\\H-r(I) ^ ||/||i2(/JKa + l) <C. 

Here, C stands for a constant depending on R, T and the uniform bounds for (^q, ■Uq)o<£<i 
{S^, 5^)o<£<i in H~'^. As a consequence, we get from (ji^ that 

|2 ^ f W^e/^ , ■ " ^2 



< t f \\g-{s,- + 2e-^{t-s))\\ 
Jo 



2 , 

L2(-_R,iJ,R<^+l) "'5 



and hence that 

rT rT rt rR 



^ \\{A' -u'){t,-)fH^.^_ii^ji)dt < T J Jg'Ws,x + 2£-\t-s))dxdsdt, 



which we can rewrite, by using Fubini Theorem, as: 

rT rR rT rT 



^ \\{A' -u'){t,-)\\l-^(^_ji^ji)dt<T J ^J^ ^ \g'\\s,x + 2e-\t-s))dtdsdx. 



/O . ' / J-RJO Js 

By changing t into r = x + 2e~^(t — s), this yields 

rT 1 /._R /.T 



We have thus proven that 

II — 11^ II < Ci^ 

W-^ " llL2(0,T,/f-'^(-fl,_R)) - 

which implies in particular that 

To estimate dii^A^ — we infer from (j44p 

2 

which yields, for < e < 1 and in view of (j45p . 

||<9t(^'^ ~ '"'^)IIl2(o,t,h-'^-i(--R,R)) - ~' 
Interpolation in time between (j46|) and (|47|) yields 

II ll//3(0,T,H-<'-i(-_R,R)) — 

To end the proof, it suffices to combine ([13|) and (08]). □ 
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2.4 End of the proof of Theorem [3] 

Since = l + e^A" > 1/2 in M_j_ X M for < e < eo; may then rewrite under the form 
([6]). In dimension 1, this reads 



1 



e^cdtA' - cd^A' + s^d^A'd^if' + 7t(1 + ^^A')dxx^' = 



(49) 



2{l + e^A^) 2 
and we wish to pass to the hmit as e ^ 0. Let us define 



u 



2c 



We shall first prove that the functions (A^)o<e<eo (^^)o<e<eo strongly precompact in 
L^g^(M+ X M). Indeed, we may rewrite (f49]) as 

dtA' - ^d^A' - u') = S% 



^ dtu' - -d^u' - A') = 



£ 

n) 



where 



Sf. 



-2u^d^A' - A'^dr-' 



r.U 



dxxA^ 



V4c2(l+eM^)y £4 



and 



1 



f{r) = —f{{l + rf) -2r = 0{r'^) as r ^ 0. 



In order to use Lemma [3l we shall prove that for some constant K depending only on M, we 
have 



I'^^IIl°°(h-2) + ll'^SlL°°(H-2) - ^■ 



(50) 



We first note that, if t G M+ and C e 

{Sm,0 = - {u'{t)d^A'{t),0 + {n^t)A^t),d^O 

< \\u'{t)\\^, \\d,,A%t)\\^,\\C\\^^ + \\u%t)\\^, ll^'WlLoo \\dxC\\L2- 

Hence, by using the embedding H^{M) C L°°(M) and Lemma [3 we get: 

II^aWII^-i(k) < Ih^WlL. \\A%t)\\^,<K. 
In a similar way, we have, for t £ and C £ 



4c2(l+e2^^)2j-^^ 4c2(l+e2^£) 



< K 



'{t)\\^, + ||^^(t)||2^ +e2||5^^.(i)||2^ ll^xClLoo + ||9x^"(t)|L2 i^xxClL^ 
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where we have used that /(r) = 0{r'^) as r — > 0, and e'^W^'lLoo < 1/2. Using again the embedding 
H^{R) C L°°(M) and Lemma [21 this yields, for < e < Eq, 

Hit)\\H-2^R) ^ \W"\\h + WWm + WWm < K. 

Consequently, thanks to (j50p and the fact that by our assumptions, Aq and Uq are uniformly 

bounded in L^, we may apply Lemma [3] with a = 2 and deduce that (^^)o<e<eo and (u^)o<e<eo 

1 

are uniformly bounded in /f^^^). In particular, since (A^)o<e<eo is uniformly bounded in 

1 

L°°(M+, iJi) and in i?f^^(M+, we can use Corollary 7 of [25] to get that (A^)o<e<eo is strongly 

compact in L^^^(M+, L^^^) = Lf^^i^j^ x M). Since, by Lemma [2l — tends to zero strongly in 
L°°(W^,L?'), we also get that (n^)o<e<eo is strongly compact in Lf^^{E.j^,Lf^^. 

Let now A G L^^^(M+, L^^^) and < ^ as j — > +oo such that 

A'^^ converges to A strongly in L^q^(R+, L^^^), and weakly in L;^q^(M+, i//^^); (51) 
■u^J converges to A in Lf^^{R+, Lf^^). (52) 

Note that the weak convergence of A"" just comes from the uniform bound which comes from 
Lemma [2j 

The next step in the proof is to obtain that j4 is a weak solution to the KdV equation. 

For that purpose, let us write from ()49p the equation satisfied by A^^ + ti'^^ in the weak form: 

+ / T2?T^r-Yjr^d--C dtdx + f ( - u'^d^A'^C + A'^u'^d^O dtdx 
jR+xR '^c [i + e-A 3 ) Jr.xR 



3 



{Ay +ul')aO,x) dx 

for every ^ G C^(M x M). One can pass to the limit easily in most of the terms by the strong 
convergence. Moreover, we can use that 



[ u'W^A'^C^ ! Ad, AC 

JRa^xR JR+xM 



IR+X 

since u^J — > A strongly and dxA^ dxA weakly. Since A^ is uniformly bounded in L°°(M+, ff"'^) 
we have that 



e]{dxA^^f 
4c2(l + e2^^.)2 



dxC dtdx 



< Ke] 0. 



Moreover, since 



/ 

JR. 



dxxCdtdx= I dxxCdtdx - e,- / , ^-^ , — iy-—dxxCdtdx 
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we get that the first term converges to 



by weak convergence and that the second term converges to zero because of the uniform bounds. 
Therefore, 

/ — TTT^ — — rdxxCdtdx—)- / -^-TrdxxC dtdx. 
A+xR4c2(l + e|^-.) yR+xR 4c2 

Finahy, we write 



to infer 



fir) = [1 + ^/"(l)] + 0{r^) as r ^ 0, 
[ \f{e]A'^ )dxC dtdx ^ [c^ + 2/"(l)] / A^dxC dtdx 

JR+xR JR+xM 



^_|. XJK 

Consequently, we finally obtain that A satisfies 



/ (2AdtC+'^A^dxC + ^dxAdxxC)dtdx= [ 2Ao(x)C(0, x) dx, 
Jr+xR V 2 4c^ / 7k 



which is the weak form of the KdV equation. 



Next, by passing to the limit in the bound of LemmaO we get that A G (M+, H^^ . Moreover, 
since it is a solution of the KdV equation, we deduce that 

dtA = ^d^A - ^AdxA G H-^) . 



8c2^ 2' 



Hence A G Lip (R+,i/ 2), and by interpolation in space, we get that A G C^(M+,i?'') for any 
< s < 1. 

We shall now prove that A = v the unique solution of the KdV equation given by Theorem [2j 
This fact can be deduced from a general uniqueness theorem for the KdV equation j28]. Never- 
theless, here, by using that the solution v given by Theorem [16] verifies the additional property 
dxV G L^Q^(R_|_, one can get that ^ = w by a very simple weak strong uniqueness argument. 
Indeed, let us set 6^ = A - u and observe that 6^ G {R+,H^) n C^{R+,H^) for < s < 1 solves 



2dte - -^dle = -kAdxB - kOdxV = -kedxO - kOdxV - kvdxO, 9^t=Q = 0- 



Consequently, the standard energy estimate for this equation gives 

4/^2 dx<2\k\\\dxv\\L^ \\e\l, 

dt 

By the standard Gronwall inequality, this yields immediately that 6 = 0, since ^|f=o — 0) ^'^d 
dxV G LfjL^) C LUL^). 

As a consequence of the uniqueness of the limit, the full sequence A^ converges to f as e — > 
strongly in L^^^) and weakly in Lf^^{W^, Hj-^J, where v is the //"^-solution of the KdV 
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equation of Theorem [2l 

It remains to improve the convergence of i.e. to prove that we actually have the local in 
time global in space strong convergence, as e — > 0, 

A^'^v in C([0,r],L2) 

for every T > 0. 

From Lemma [2] and the proof of Lemmas [4] and [3l we infer that 

A^ + is uniformly bounded in L°° (M+, L^) n Lip(M+, H'^) . 

In particular, 

A' + is uniformly bounded in (M+, H'^) n (M+, L^) . 
Since we already have that 

A' + u'^2A = 2v in lL(K+,lL), 
it follows by a new use of the Aubin Lions lemma that 

A^ + u'^2v in Cl,{R+,Hf^l). (53) 
Consequently, we can write for every T > 0, R > 0, 

sup 11^'' - v\\H-n_R^ji) < J sup (ll^^ + - 2v\\h-i(-r,r) + - u''\\h--^(^-r,r) 
[0,T] ^ [0,T] ^ 

and since by Lemma [21 we have that — it^ ^ in L°°(M-|-, L^), this yields thanks to ()53p that 

A'^v in Cl,{R+,Hf^l). 
Let us now fix T > 0. We then prove that, as e ^ 0, 

sup I {A^ — V, v)i^2 1 0. 

[0,T] 

Indeed, let > be given. Since v E C^(M+,L^), there exists i? > such that 

sup / dx < rf . 

[0,T] J\x\>R 

Next, with C G C^(-2i?, 2i?) such that C = 1 on [-R, R], we split 

sup I {A^ — V, v)i2 1 < sup I {A^ — V, (v)l2 I + sup | {A"^ — v,{l — C)v)i2 1 . 
[o,T] [o,T] [o,r] 

The first term tends to as e — > since (v G Cb{R+, H^) is compactly supported and A^ —>■ v in 
Cf^^{M.^, H^^y The second term is < supply] ||^^ ~ ^1^2 ^ K-q, and the limit follows. 
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Therefore, 

sup -t^||r2 = supjl^^lL - - 2{A^ -v,v)l2 \ = sup{||A^||L - ||t^||^2| +o(l)- (54) 

[0,T] [0,T] [0,T] 

We now use that E'^{Tp^) and Io{A) = f^A'^ dx are independent of t, thus 

11^(011^2 = 11^01^2 (55) 
and, using Lemma [2] and the same expansion as in Step 1 of the proof of Lemma [21 we infer 

E'{'4)%t)) = — [ 4c^{A%t)f + {d.^ip%t))^ dx + 0{e^) = Ac^e^ [ {A%t))^ dx + 0{e^). 
2 Jr Jr 

Note that the 0{e^) is uniform with respect to t € M+. Since E^(^ip''{t)^ = E^{^ij)f^ and the same 
expansion holds at t = (this is Step 1 in the proof of Lemma [2]), we deduce 

/ {A'{t)f dx= [ {A'of dx + 0{e), (56) 
Jr Jr 

where 0{e) is uniform with respect to t G M+. Consequently, thanks to (f55]) . ([56]) . we obtain 
that 

sup WA" - v\\^2 = l^olLz ~ II^o|Il2 + °(^)' 

[0,T] 

and since Aq — > Aq in by assumption, the result in follows. 

The proof of Theorem[3]is now complete, since the convergence of A'^ in L^^(M-(_, i^*), < s < 1 
follows by interpolation in space using the convergence in L^^(M-|., L^) and the uniform bounds in 
L°°(M+,iJi). 



2.5 Convergence in 

In this subsection, we shall put a more restrictive assumption on the initial data, namely 

\\d^(pl - 2CA0IL2 = o{e) 
instead of 0{e) in order to get the strong convergence in of the amplitude A'^. 

Theorem 7 Under the assumptions of Theorem if, at the initial time, we have the additional 
assumptions 

^0 in 

and 

\\d.,ipl-2cA'Q\\^, = o{e), (57) 

then 

A'^A in C(M+,//i( 
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Proof. 

The idea follows the one in the end of the proof of Theorem [3l but relies on the conservation of 

I,{Ait)) ^ l^^id.Af + ^A^ dx 
for KdV and Egr^^ijj^^t)^ — 2cP^[ip^{t)^ for dH). First, we expand to third order 

F{R) = c\R-lf + \f"{l){R-lf + Fi{R), with Fi{l + r) = O {r^) , r ^ 0, 



so that (130]) becomes now 

Since dx^Q — 2cAq = 0{e) in by assumption, we infer 

dxipl>-2cAf,-ce^{Af,fY dx= [ (dx^f, - 2cAlY dx + 0{e^) = o{e^), 



using the hypothesis ()57p . Therefore, at time t = 0, we infer, as in Step 1 of the proof of Lemma 
[3 that 

E^r,)-2cP%^lj',) = ^ / 2Af,{dxipf,)' + {dxAf,)' + ^^{Alfdx 

2 /" 2 

+ ^/ (dxifl - 2cAf, - ce^Af^f) + ©(e^) 

= '4 f (^-^o)' + + {A^f dx + o{e') 

= 2ch^Ii{Af,) + oie^) = 2ch''li{Ao) + o{e^), 
since Aq Aq in H^(W) C L^(]R). Similarly, given t G and using Lemma El we have 

E%i;%t)) - 2cP'{r{t)) = 2ch''li{A'{t)) + ^ / - 2cA'{t)f dx + ©(e^), 

where ©(e^) is uniform with respect to time. Since Ti[A{t)) and^^(V'^)-2cP^(^^) are independent 
of time, this implies, 

Ji(A(t)) =Z^[A'{t)) + ^^ j^{dx^'{t)-2cA'{t)f dx + o{l) (58) 

uniformly in time. 

Now, let us study the term involving the L^-norm in Ti. Let T > be fixed. From Lemma 
[21 A'' is uniformly bounded in L°°(M4. x M). Moreover, we have proved in Step 4 that A'' ^ A va. 
C([0, r],L^). As a consequence, ^4^ ^ A in C([0, r],L^). Inserting this in (j58|) yields, uniformly 
for t G [0,T], 

/ {dxA{t)f dx= I {dxA'{t)f dx + \ I (dxip%t)-2cA%t)y dx + oil). (59) 
Jr Jr ^ Jr^ ' 
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We now consider 



i^^T) = snp\\\d,A' -d,A\\l, + h\d,^' -2cA'\\lA. 



[0,T] 

Since A € C([0, T], H^), arguing as in the end of the proof of Theorem [3l we infer 
u%T) = snp\\\d,A'\\l, - \\d,A\\l, + \\\d^^' - 2cA'\\lA + 

[0,T] ^ £ 

Combining this with (|59p gives f^iT) = o(l) as desired. This ends the proof of Theorem [71 

3 The general n dimensional case 

3.1 Proof of Theorem |4] 

It is more convenient to use a different hydrodynamic form of (NLS). As in [11], we shah seek 
for a solution of (jl]) under the form 

V'" = (l + eV(t,X))e*"^'(*'^), a^GC, ^ E M, < ^ (60) 

that is to say that we allow the amplitude to be complex at positive times. The reason for this 
choice is that we can obtain an hydrodynamic equation for (o^, 6'^) which is much simpler. We shall 
prove that and 6^ are well defined on [0, T] for some T > independent of e and satisfy for 
s > 1 + n/2 the uniform estimate 

+ \\d.e%t)\\^,^,+e\\V^e'{t)\\^,^, <C, Vt E [0,T], Ve E (0,eo] (61) 

for some C > independent of e. 

Note that once this estimate is proven, the representation (119p and the estimate (I20p immediately 
follow. Indeed, for e sufficently small, we get that \ip^\ remains far from zero on [0, T] and we have 
the relations 

_ |1 + e^al - 1 ^ , . _ n /je , ^ / dja^ djA' 



A^ = ^ ^ , diip^ = + - — ^-^ ^-^r— l<j<n (62) 

from which we deduce by standard Sobolev-Gagliardo-Nirenberg-Moser estimates that 

+ i^-V^'Wi//. +e||V±9j"(t)||^. < C Vt E [0,T], Ve E (0,eo] 

for some C independent of e since s > 1 + n/2. 

Let us now write down the equation for {a^ , 6^). By plugging the anzatz (j60p in Q, we get 

ice^ (^e'^dta' + ie{l + e^a^)^*^) - icel^e^S^a^ + ie{l + e^a'')dj' 



+— [e'A^a^ + 2ie'^V^r • V^a^ + ie(l + e2a^)A=r - e^(l + e^a^)|V" 
-(l + e2a^)/(|l + e2^^|2) =o 

where we use the notation 
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Since we allow the amplitude to be complex, we have some freedom to write down hydrodynamic 
equations. As noticed in [TT], it is convenient to split the above equation into the system 

c 2ce^ 2ec 



Consequently, by using the new unknown v'' = — V^0^, we get 

2c 

dta' - ^d^a^ + 2v^ ■ V'a' + 4(1 + e'^a'W' ■ = —A' a" 

2£c 

dtv' - ^d^v' + 2v' ■ V'v' + + e^al^) (2V^Re a' + e^V^ja^p) = 0. 

We add to this system the initial condition 



(63) 



(64) 



Consequently, we can set = (Re a^, Im a^,v^Y G M^+"', d"^ = {dx,£d±) and write the above 
system under the abstract form: 



(65) 



where L{d^) is a constant coefHcients second order differential operator 



-1 

1 



k=l 



and i7(e^C/^, 9^) is a first order hyperbolic operator 

n 

H{£^U',d') = ^H^{£^U')d\ 

with symbol 

n 

H{£^W,i)=Y,H\£''U')i 

where 



k=l 



{-ii + 2£^v' ■ Oh (e + £^a')C' 

1 + g{£^a'))^{e + e^a^)* ( - + 2£^v' ■ ^)ln 



and g is defined by the expansion: 



1 



^/'(l + 2(a, 1) + |a|2) = 1 + g{a), g{a) = 0{\a\), \a\ < 1 



(66) 
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since /'(I) = (? . 

Note that the structure of ()65|) is much simpler than the one of the standard hydrodynamic 
system for (^^, V^(/3^)* that is obtained from ([6]) by the standard Madelung transform. Indeed, (|65p 
is a simple skew-symmetric constant coefficient perturbation of an hyperbolic system. 

Note that the difficulties du to the presence of vacuum which arise in the study of NLS with 
solutions which tends to zero at infinity ([T], [7j are not present here. The above system can be 
easily symmetrized by using 

^ 



which is positive. Indeed, we have 



which is a skew symmetric operator: 

; S%e^JJ^)L{d^)V, =0, Vy G H'^iX') (67) 
where we use the notation (•, •) for the L^(M") scalar product. Moreover, we also have that 

is symmetric for every ^ G R. 

The local existence and uniqueness of a smooth solution G C([0, T^), i^*^^) for this system 
is classical. Moreover, let us define 

T," = sup{rG [0,r^), VtE [0,r], je^a^lioo < 1, < +00}. 

We shall prove that is bounded from below by a positive number when e tends to zero. This 
will be achieved by proving H^'^^ estimates uniform in e. 

Note that for t <T^, the symmetrizer S{e'^U^) is well defined and verifies 

{S{e^W)V,V)>c^\\V\l,, VtG[0,r,^], VyGL2(M«) (68) 

for some cq > independent of e. Moreover, thanks to an integration by parts, we also have for 
some C > independent of e that 

\{S{e^U')H{e^U',^)V,V)\<Ce^\\VW\\^^\\V\%, VtG[0,T,^] (69) 

for every V £ H'^{W). 

We can now easily perform for s > l + n/2 an H^^^ estimate for (j65p . Indeed, for every a S N", 
|a| < s + 1, we have 

dtd^'U' + ^H{e^W, d')d"U' - -L{d')d''W + 4t [a", H{e^U', d')] = (70) 
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By the standard tame Gagliardo-Nirenberg-Moser estimate, we get that 



— [d'^,H{e'^U',d')]U' 



L2 



From now on C is a number independent of e which may change from hne to hne. 
By using (f67|) . (f69l) . (fTTI) . we get the energy estimate: 

d /I 



By using ([65|) . we get that 



Consequently, we can integrate in time and use ([55]) to get 



(71) 



(72) 



Finally, by using the Sobolev embedding H^^^ C VF^'°° for s > 1 + n/2, we find in a classical way 
from (172]) that T^^ > T > for every e G (0, Eq) for some sufficiently small. We refer for example 
to [20], [12], [23] for more details. This ends the proof of Theorem HI 



3.2 Proof of Theorem [5] 



We shall now study the convergence towards the KP-I equation. We could pass to the limit directly 
from (1631) . Nevertheless, to make a link more clear with the first part of the paper and the formal 
derivation, we shall pass to the limit directly from the standard hydrodynamic equation Q. As 
already explained in the beginning of the proof, we can deduce from the representation (|60p and 
the bounds (j6ip that the smooth representation (jl9p with the uniform bounds (j20p hold on [0, T]. 
Consequently, we already have 



||^'(i)|U.+i + h%t)\\Hs < C, yte [0,T], ye G (0,eo) 
for s > 1 + n/2, where {A'^,u'^ = ^V'^(^^) solves the system 

dtA' - ird^A' + 4tV^ • + lu" ■ V'A' + A'V ■ = 

dtu' - \d^u' + \v'A' + 2u' ■ V'u' + l-g{e^A')V'A' = -Lv^(-^^4t7 
e"^ e"^ e"^ 4c^ V 1 + e'^A^ 

Note that x u"^ = 0, hence, we obtain in particular that 



(73) 



(74) 



(75) 



We can apply dx to the first equation and the first line of the second equation in ()74p to get 
the system: 

' dtdxA' + ^dxidxui - dxA') = 

(76) 



dtdxul + —dxidxA" - a 



'xUi 



ce 
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where 



SI EE -dj2u' ■ V'ul + \g{e^A')diAA + -^d, ' 



By using (j75p and the H^^^ bound ()73p which holds for s > 1 + n/2 > 3/2, we get the uniform 
estimate 

||(S^,S^)||^_, <C, VtG[0,r], VeG(0,eo] 

for some C > 0. 

Consequently, from the proof of Lemma [3] (it suffices to integrate also with respect to the 

1 Q 

transverse variable), we get that: dxA? and dxu\ are uniformly bounded in H2(^0^T,H^^) and also 
(see (j45])) that 

dxA' - dxul = 0{e) in L\0, T, H-^). (77) 

Consequently, we can use again the relative compactness criterion of [25] and ([73]) to get that dxA^ 
is strongly compact in L'^{0,T, HJ^^) and d^ul in L^(0, T, ffj^~^) for every m < s. Note that since 
s > 1, one can choose m > 1. Consequently, the way to recover the weak form of the KP-I or KdV 
equation will be very close to what was done in the proof of Theorem [31 We can take a subsequence 
Ej such that 

dxA'^ ^ dxA strongly in (O, T, HJ^^,) , d^ul' ^ d^ui strongly in (O, T, HJ^-'), 
A^^ A weakly in (O, T, , u^-' ^ u weakly in (O, T, H") 

and moreover, from (|77p . we also have 

A = ui for almost every f G [0, T], X G M". (78) 

As in the proof of Theorem [3l the above properties are sufficient to pass to the limit in the weak 
form of the equation satisfied by dxA"^ + dxuf. Indeed, by using (|75p . we get from (|74p that 

/ dx {A'^ + 4' ) dtC + (2ul' {dxA'^ + d'x' ul' ) + dxul' + ^^(^ ■ ^'O^x^'^ ) ^.C 

J[0,T]xR" ^ £j ^ 

- / A^<^ C + Tl f 9xxA'^ dxxC = [ dx {Ay + (no)i^ ) C(0, X) + i?^^ 

J[0,T]xIR" 4C J[o,T]xR" JR" 

for every (" G C^(M x M"), where thanks to the uniform bound ([73p . we have 

We can easily pass to the limit in the above formulation by using that in the nonlinear terms one 
converges strongly and one weakly. We thus get by using again an expansion of g{£'^A^), that 

[ (2dxAdtC + kAdxAdxC - A^AC + -^dxxAdxxddtdX = [ dx{Ao + {uo)i)C{0,X) dX 

J[0,T]xR" ^ 4C / JlRn 

which is the weak form of the KP-I equation (or KdV) 

dx (2dtA + kAdxA - ^^x^) + A±A = 
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with initial value ^ ^ 

A\t=o = -(^0 + ^^^V^o)- 

Furthermore, thanks to the uniqueness of H'^ solutions, s > 1 + n/2 for the KP-I equation, we 
get that the full sequence A^, dxf^ converges. 

Note that in dimension 1, we can get compactness in time by writting directly that 

' dtA' + ^d,{ul-A')=S%, 

< 

^ dtul + ^dx{A' - ul) = SI 

with 

\\iS%,Sl)\\^_,<C, yte[0,T], V£G(0,eo] 

for some C > since the apparently singular term e~^V_L -u^ is absent in dimension 1. Then we can 
finish as in the proof of Theorem [3l Thus we get in particular that A'^ converges strongly towards A 
in L^{0, T, HJ^^^) (for n > 2 we have only proven the strong convergence in L^{0, T, HJ^^ for dxA^). 

In the general n-dimensional case, it remains to show that, if = eV^(^^ — > in L?, then 

]^[A^ + u\)^A in L2([0,r],L2). 

Indeed, the convergences in L^([0, T], H'^^ for < o" < s will then follow by interpolation on space 
using the bounds (pO]) . 

We recall that the scaled energy writes 

E'm = \ I \dxr? + e''\V^r? + \f{W?) dX, 

and we recall the expansion to second order 

F{R) = c^{R-lf + F3{R), with Fsil + r) = 0{r^), r ^ 0. 
Moreover, we have, on [0,T], 

ijj^ = exp {ie(f'') , = 1 + e^A", 

and using that for 1 < j < n, |c?j'i/'P = e^(3jA^)^ + e^(p^)^(5j(/9^)^, we infer as in the proof of 
Lemma [2] the following equality: 

= ^ / idxipn' + ^m' - 1)' + - 1) • {dxipn'+s'idxA^)' dx 

+ 11 eHp'f\V^ip'\' + e'\V^p'\' + ^Fs{{p^'f - l) dX (79) 
= ^ / (dx^'f + ^c\A'f + e^\V^cp'\^ dX + 0(6^) (80) 
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uniformly on [0, T]. To get the last line, we have used (j20p . which yields that ||74^||2,oo < K, hence 
Wf-l\\L^<Ke\ 



[{p'f-l){d^^'fdX 



and 



/ ^ F,{{p^f - I) dx 



(81) 



Furthermore, we may define (if n > 2) the momentum in the x direction by 

for maps = p'^e'^'^" with p'' = jV'^] > 1/2. In view of the bounds ([201), IV'^] > 1/2 on [0,T] (for 
< e < eo), hence t/'^ has a well-defined momentum, which is independent of t G [0, T]. Morever, 
there holds, uniformly on [0,T], 

='n f Hp'? - ^)d.^' dX='^ [ + e\A'f)d,^' dX 

= E^ I A^d^'f' dX + 0{e^). 

As a consequence, in view of (pOj) . 

E'iil^") + 2cP"(V") = 2c^e^ [ {A' + u^f + \ul\^ dX + 0{e^) 
uniformly on [0,T]. At the initial time t = 0, we have 

i?^(V§) + 2cP^(V^g) = 20^^ [ {Al + {u'o)i)' + dX + O(e^), 

hence, by conservation of £"^(^/;^) + 2cP^{'ip^) for < t < T, 

/ {A%t) + uUt)f + \nl{t)\' dX = [ {Af, 
uniformly for t £ [0,T]. We consider now 



0)1) 



dX + Oie^), 



(82) 



/ \\A' + ul-2A\ 
Jo 



2 

L2 



lL2 



dt. 



Expansion gives 



ly^ = \\A' + ulWl, + \\ul\\l^ - 4\\A\\l2 dt - A {A' + uI-2A,A)l2 dt. 
Jo Jo 

One can show exactly as in the end of subsect. 12.41 that since A G C([0, T], L'^) and A^ , nf converge 
to A weakly in L^{[0,T], Lf^J, then 



as 



0. 



[ {A^ + uI-2A,A)l2 dt ^ 
Jo 

Moreover, since the norm of the solution A of KP-I does not depend on time, 

l|2^WlL2 = ||2^|t=o|L2 = 11^0 + iuo)i\\L2- 
Hence, by using ()82p . we find after an integration in time that 

= t(\\A'o + - 11^0 + {uo)i\\l, + + o(l). 

Thanks to our assumption (j2ip . we thus get ^ as required. 
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3.3 Proof of Theorem [6] 



To use the assumption (j22p in order to get the convergence in stronger norms, we wih fohow the 
Unes of the proof of Lemma [2j From (j79p , we infer 



+ \f e''\V±A'\'' + \F^{{p'f-l)dX. 



(83) 



Let 



= \\d,ipl-2cAf,\\^, 

which tends to zero by assumption. As in the proof of Lemma [2l we have thanks to (j22p in the 
case n > 2 the following upper bounds 

= '4 f 4c'(^o)' + (d.^o? dX + O(e^) = Ach^ [ AI dX + 0(8^) < Ke^ (84) 

and 

Note that here, we have used that 



L2 



\d,^l-2cAl-ce\Alf\\^, < \\d^^l-2cAf,\\^,+cemAf,f\\^, < S'+Ke^ 



As a consequence, since E'^{ij)'^) and P^^ip^) do not depend on time. 



>V / {d.A-f + {pr\V^y,'\'dX + - Id,^^- {(p^f-l)\ dX (85) 



/ {{pn'-l){d.^n'dX - [ -LF,{p'-l)dX 



> - I {prN±^r dX + - Jd,^'- ^{{pn' - 1) ) dX- Ke\ (86) 



This gives the estimate 



0<t<T 



sup / [d^ip^ - —[{p^Y - I)] dX < Ke^ + 2{6'y ^0 as e^O (87) 



in all dimensions n > 1. 

Furthermore, in dimension n > 2, since 5*" = 0{e), we also get from ()86p that 

/ (p^)^lVx(^^P < i^. 

Thus, we have obtained ()23p since > 1/2. 
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From ([71|) , + nf solves 

dt{A^ + nf) + 2n^ • V%A^ + -uf) + (A; - 5)A^a^^^ + ^^V" • + A^ip^ = ^^(^^ 
In view of the the bounds (j2U|) in Theorem HI and possibly (|23p if n > 2, we then infer 

ll^' + <llc{[0,T],H=) ll^*(^' + <)llL-([0,T],/f-i) 

This implies, by Aubin-Lions's Lemma (see, e.g., [25]). that for any < a < s, A'^+uf is precompact 
in C([0, T],Hg^). From ([87]), we know that 

d^if' - 2cA^ = 2c{ul - A^) ^ in C([0,r],L2). 

Combining this with the bounds (j20p . this yields, by interpolation, for < a < s, 

- 2c^^ = 2c(uf - ^ in C([0,r], 

In particular, 

A^^A and ^ 2c^ in C{[0,T], H[^^) . 

We can now prove that, as e — > 0, 

A'^A in C([0,r],L2). 

Indeed, we may follow the lines of the end of the proof of Theorem [3] in Sect. 12.41 since thanks to 
(QUI) , mh (if n = 2,3) and dSZD, the expansion 

= '4 f 4c2(^'(0)' + {d.^'{t)f dX + 0{e^) = 4c' [ {A'{t)f dX + o{e'') 

holds uniformly for < t < T and Io{A{t)) = ||^(t)||^2 = ||-4o||^2 do not depend on t G [0,r]. 
Notice indeed that in this case, the initial datum for KP-I is 

A\t=Q = ^(^0 + ^9^fo) = ^0- 
From the bounds ()20p and by interpolation in space, we finally get that 
VO<o-<s A' ^ A in C([0, T], and d^r^' ^ 2cA in C{[0,T], H'') . 
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